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theorem Sylow I If pk I 1Gt for some prime pandKao
then there is a subgroup HEG of orderpt.nlG FHEGHApkC

WL0GassumeProofWe will use induction on the order n4Gt
Clearly statement holds tor not So assume theorem
is true for all G put groups of order IG knTo show it holds for Cal en we will rely on the
class Equation Cfor theconjugation action ofG on itself
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Card ftp.HIn
fl I 1 Sothatthe sum in is divisible by p

By assumption pk1191 so plG Csince k o

so by i Ht2
Thus by 6 2at CGofwokrp_
Note the salegroup La c G is a marine subgroup

since g at g I ar tr t EgEG sinceaEZC6D

So we may define the factor group
Tikal with.SI1emisEe'rEiEEao
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µ by the E gWs G has a subgroup

ke G of order pH
Now lets look at the correspondence between subgroups
of G and those subgroups of G containing her 62
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Then Hi EYCK is a subgroup ofG and

IH1 1sasl.lk p.pk i pk

427 Hx ZCGI pXa ccn
Then n IGI Ccny l EG coed Lagrange

pk In coprimetop hypothesisofthud
pX EA CH hypothesisofCased

Hence fpkllcc.IM1
Onthe otherhand CA G Shee xd 2CGI so

so HTM HE.df Y

By the induction hypothesis C contains Hscca
of order pk

But HE I HE G so done with Casey
d WmstP f
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Sylowpsebgroups
Let G be a finite group and p a prime dividing1Gt

Def A subgroup PEG is a called apSyloe
signup if Ipl pk where pk11Gt but
pk X G

Eg If 1Gt40 23.5 then the 2 Sylowsubgroups hare
order 8 and the 5 Sylar subgroups have order 5

Notation
Syep G PEG Pisa p SylowsubgroupofGlx np.se SyepCG1

In other words if Ifl p
k M where Cp mfl then

SyepCG PEG I p're

Another interpretation ofpsylor subgroups they are the
maximal p subgroups of G

theorem corollary to Sylow I For every prime pilot
there is a p Sylow subgroup ie

lSyepCGI
Proof let p4 191 and phX 161 ie 1617ohm cnn.PH

Then by Sylar I 7 PEG IPf pk and so
P is a p Sylow subgroup ofG
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If G is a p group then SylpCG G3

161 6 2.3 then nz ns l

G 216 SyezCZH zig Syl f Is
G S3 Sykes4244,21 Eyes0353253
Sz gen dby

23 4123
the 3 transpositions
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Syeda 2624,22 212,22221 SylycGF153

theorem SylowI All p sylon subgroups of
G are conjugate

PIG and P QE SyepCG then FgeGst QgPg 1

Corollary All p Sylow subgroups of G are isomorphic
since conjugation is an isomorphism

tranche G Sy 191 24 83
What are the 2 Sylor subgroups of Sy
We know that Dyssy since Dc 3symmetriesof

more generally DAESnBut 441 8 so DyeSy.lzCS4
Hence by SylowI All 2 SylarsubgroupsofSy are conjugatetofthence isoto Dy
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In particular Qs454 also 8,24 4,4 221454

theorem Sylow III If fffpk.sn cp.mn then

Np modp

Np 1M m index of p Sylow

particular Case If Np 4 then there is a unique
p Sylow subgroup which by SylowI mustbenoInd

Sylph P gPg 1 0 p
99 ask sgeonfsmenpt.inPNG care 181 1101

Corollary Mp L II psylowsdgmpota
and P is normalsubgroup

In particular MPCA 3 PAG
so if G is not a pgmp npGH then G is
not simple

Examples
ftl 400 22.52 Then by SI

M 5 1 Cmods Ms14 nel
I

ng 1,2 or4
i 7 PAG oforder 25
G is notsimple

G Sy 191 24283
Nz nod 2 Mal3 ne l or 3

Ms mod37 B 18 net or4



we know Dy E Sylz Sy infact nz 3 and

sylacisy 33 conjugated copiesof Dg
12347 4218437

ski 3
Also Nz 4 and

Syl3641 34 conjugated copiesofZs
412317 412433434334234373


